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Comparisons are made between the fundamental metric theorems of additive 
number theory. Generalizations, which are in a sense widest possible, are 
obtained for these theorems. 
1. INTRODUCTION 
We generalize and compare theorems of Mann [7-91, Dyson [2], 
and Van der Corput [I]. The symbols p and 77 are real valued while 
lower case Latin letters are integer valued. Let A and B denote sets of 
nonnegative integers which contain zero, and define their sum by 
C = A + B = {a + b 1 a E A, b t B}. For 12 > 1, let A(n) denote the 
cardinality of the set {x I 0 < x < n, x E A], and define B(n) and C(n) 
similarly. Fork 3 1, let {a, , a, ,..., a, , a} denote the set {ai / 1 ,< i < k} u 
ix I x 2 4. 
2. FIRST GENERALIZATION 
Statement A, . If n > 0 and C(n) < n, then 
C(n) + CL > 44 ?- B(m) + P 
n+p ’ -0 
(1) 
for some m where 1 < m < n and m $ C. 
We describe the set T of values of p for which Statement A, is valid. 
If p E T and Statement A, has been proved valid it is alternatively called 
Theorem A,. 
* This research was supported by National Science Foundation Research Grant 
GP-7125. 
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Statement A, is Mann’s Theorem [7] (Theorem A,,). Mann’s proof is 
the only known proof, but several versions of it appear in the literature. 
Statement A, is Mann’s Refinement [9] (Theorem A,). Actually Mann 
proved Theorem A, with a more severe restriction on m and an additional 
nonnegative term on the right, both a little complicated. Furthermore, 
the value of this term is usually small if not zero and depends on C 
directly. 
Theorem A, may be proved directly and more easily by using Mann’s 
proof and induction on n. Thus note that the theorem is trivial for 
n=I.DefineC(O)=O,C(-1)=-l,andk=max{xIx<n,x$C}. 
Then k > 0, k 6 C, and by Mann [9, page 91 I] we have 
C(k) 3 w - s - 1) + A(s) + B(s) + 1 
for some s where 1 < s < k < n and s 6 C. In his proof of Theorem A, 
Mann obtains a corresponding result without the hypothesis 0 E A n B. 




C(n) - C(k) > C(n - s - 1) - C(k - s - l), 
C(n) 3 C(n - s - 1) + A(s) + B(s) + 1. 




1 > C(n) + 3 min IC(n s 1) + A(s) + B(s) + 1 n+l n-s 9 s+l 1 : 
We may assume this minimum is (C(n - s - 1) + I)/(n - s), for other- 
wise we may choose m = s. Hence C(n - s - I) < n - s - 1, and 
so 0 <: n - s - 1 < n. By the inductive hypothesis we have 
C(n-s- 1)f 1 > A(r) + B(r) + 1 
n-s I rtl 
for some r where 1 < r < n - s - 1 < n and r $ C, and so we may 
choose m = r. 
LEMMA 1. TC{p I-1 < /L < l}. 
Let A={x~O~x<k}~{x~k<x<2k+1}~{xIx>2k+1} 
and B = (0, k + 1, 2k + 2}, where k > 1. Noting that C = A, we let 
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n = 2k + 1. Then m = 2k -1 1 or rn = k, and for these values of III 
Inequality (1) reduces to the following two inequalities in p, respectively: 
2k-I++. 2k + I* 
2k+l+p ~2ktli~’ 
2k - 1 i- P ,k--1+p 
2k+I+p’ k+p ’ 
(2) 
The respective solutions are 
{p 1 p < -2k - 1} and fp / -k < p < I> u {p 1 p < -2k - l}. 
Hence, if t.~ E T then p < 1, and there remains to show that if TV < - 1 
then p $ T. Thus if for such a value of p we set k = [-PI, then 
-2k - 1 < p < -k, and so neither of Inequalities (2) is satisfied. 
Note that [-II] b 1. 
Suppose p > - 1. LetAm, pcL) = (A(m) + Wm) + pY(m + pCL),gh m, cl> = 
(n + df(m, cl) - p, and S = {m 1 1 < m < n, m 6 C}. Then Statement 
A, may be given in the following equivalent form: “If S f o, then 
C(n) 3 mind&, m, ~1.” Before we complete our description of T 
we prove two additional lemmas. 
LEMMA 2. Ifm E S\(n) and-l < pl < pz, fheng(n, m, pJ > g(n,m, PI). 
It follows from A(m) + B(m) < m and -1 < p1 < pz that 
f(m, pLz) >f(m, /+). Hence, we multiply by n - m and add to the equality, 
Cm + p2)f(m, p2) - ~2 = (m + pdf(m, pl) - pl , to obtain the 
conclusion. 
LEMMA 3. If S f 0 and - 1 < pl < pz , then 
Suppose rninmEs g (n, m, p2) = g(n, ml , pz) where ml E S. If m, = n 
then g(n, m, , pz) = g(n, m, , ,uL1), and if m, < n we have by Lemma 2 
that dn, ml , p2) > gh ml , 1.4. Hence 
THEOREM 4. T=(/.-l</A<l). 
By Theorem A, and Lemma 3 we have (1~ j - 1 < p < I} C T. The 
theorem then follows from Lemma 1. 
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11 we restrict A and B so that C(e - 1) = e - 1 for fixed e > 1, 
then Theorem 4 may be generalized easily, using the same argument, to 
T = (p ( -e < f~ < 11. Lemma 3 shows that Theorem A, is stronger 
than Theorem A,, while Theorem 5 below yields conditions under which 
Theorem A, gives a greater real number lower bound for C(n) than does 
Theorem A, . Note however that if C(n) > 77 then C(n) is bounded below 
by the least integer greater than or equal to 7. Mann [9] has shown 
that for n E S the validity of Theorem A, follows readily from the validity 
of Theorem A, with strict inequality holding in the conclusion of 
Theorem A, if min,,&n, 0) cf(n, 0). This also follows from Theorem 5. 
Lemmas 1 and 3 show that Theorem A, is in a sense best possible. It is 
easy to verify that in a similar sense Theorem A, is the weakest theorem 
that yields, by the usual method, the a/3 Schnirelmann Density Theorem. 
THEOREM 5. Suppose S f o . ZfminmcS g(n, m, 1) = minmES g(n, m, 0), 
then min,,sf(m, 0) = f(n, 0) and min,,,,I,J(m, 1) >f(n, 1). Conversely, 
if n $ C and min,,sf(m, 0) = f(n, 0), then minmeS g(n, m, 1) = 
minmss s(n, m, 0). 
Assume minmeSg(n, m, 1) = minmpSg(n, m, 0) and let minmaSg(n, m, l)= 
g(n, ml, 1) where m, ES. If ml < n then by Lemma 2 we have 
min,,,g(n, m, 1) > g(n, m, , 0) >, minmEsg(n, m, 0), a contradiction. Hence 
ml = II, minmEsiIn) gh m, 1) > An, n, l), and so min,,s~~,lf(m, 1) >f(n, 1). 
Also min,,J(m, 0) =f(n, 0) since minmEsg(n, m, 0) = g(n, n, 1) = g(n, n, 0). 
Conversely, assume n $ C and min,,, f(m, 0) = f(n, 0). Then 
mmmEsg(n, m, 0) = g(n, n, 0) = g(n, n, 1) > minmeS g(n, m, l), and the 
conclusion follows by Lemma 3. 
3. SECOND GENERALIZATION 
Statement B, . If n > 0 and C(n) < n, then 
C(n) + TV > 44 + B(m) + P 
n-i-p ’ m+P 
for some m where 1 < m < n. 
The theory for Statement B, is similar to that for A, . We describe the 
set R of values of p for which Statement B, is valid. If p E R and Statement 
B, has been proved valid it is alternatively called Theorem B,, . 
Statement B0 is Dyson’s Theorem [2] (Theorem B,) and Statement Bl 
is Van der Corput’s Theorem [l] (Theorem B& Van der Corput’s proof 
is a refinement of Dyson’s proof. Since SC {m I 1 < m < n} then 
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Theorems A, and A1 are stronger than Theorems B, and B, , respectively. 
Hence, alternative proofs are given by Mann [7, 91, but some believe 
Mann’s proofs are a little harder. A new and essentially different proof 
of Theorem B, was given recently by Garrison [3]. Many proofs of these 
theorems appear in the literature but each is based on one of these three 
methods. 
THEOREM 6. R = T. 
SinceSC(m j 1 < m < n) then T C R. We see that R C T by modifying 
the proof of Lemma I. Since (A(m) + B(m) + p)/(m + p) equals unity or 
is undefined when 1 < m < k or k < m < 2k + 1, then Inequality (1) 
has solutions in p only when m = 2k + I or m = k. The remainder of 
the proof is unchanged. 
In place of Lemma 3 and Theorem 5 we have the following. 
LEMMA 7. If S # o and - 1 < p1 < pz , then 
THEOREM 8. Suppose S # o . If 
then mitt,,,,, f(m, 0) = f(n, 0) and minlGN,<,f(m, 1) > f(n, 1). Con- .\ 
versely, if min,~,,~,fh 0) =fh 01, then min,,,,,g(n, m, 1) = 
mlnlG,zG, gh m, 0). 
The proofs of Lemmas 2 and 3 and Theorem 5, with minor changes, 
yield these two results. We replace the condition m E S by 1 < m < n. 
The hypotheses of Lemma 2 are replaced by “If 1 < m < n, 
A(m) + B(m) < m, and -1 < p1 < pLz .” In the proofs of Lemma 3 
and Theorem 5 we have A(m,) + B(m,) < m, , for otherwise 
A(m) + B(m) > m whenever 1 .< m < n, and so C(n) = n. The condition 
n 4 C of Theorem 5 is missing from Theorem 8 because 
“gh n, 1) 2 l@s.g(n, m, 1)” \ 1 
holds without this restriction. 
Theorem 6 may be generalized easily along with Theorem 4 when the 
condition C(e - 1) = e - 1 is imposed. Lemma 7 shows that Theorem B, 
is stronger than Theorem BO , while Theorem 8 yields conditions under 
which Theorem Bl gives a greater real number lower bound for C(n) than 
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does Theorem B,, . Theorem 6 and Lemma 7 show that Theorem BI is 
in a sense best possible, while as in the case of Theorem A, it is easy to 
verify that Theorem B, is in a sense the weakest theorem that yields the 
u/3 Theorem. 
4. INCOMPARABLE THEOREMS 
Two additional comparisons are given by Theorems 9 and 10. 
THEOREM 9. Theorems A, and Bl are incomparable. 
This follows from the following two examples. 
EXAMPLE 1. Let A = (0,2, af and B = (0, q}. Noting that C = (0,2, a>, 
we let it = 3. Then (n + 1) min,,,,,f(m, 1) - 1 = 4f(l, 1) - 1 = 1, 
while n min,m,sf(m, 0) = 3f(l, 0) =‘O.‘ ’ 
EXAMPLE 2. Let A = (0, 1, 2, 13, 14, i6) and B = (0, 3, 6, 9, 12, is). 
Noting that the only nonnegative term missing from C is 15, we let n = 15. 
Then (n + 1) min,<,<, f(m, 1) - 1 = 16f(l, 1) - 1 = 7, 
n min,,sf(m, 0) = 15f<l5‘: 0) = 8. 
while 
The following statement is Mann’s Second Theorem [8]. “If PZ > 0 
and IZ F C, then C(n) 3 q(n + 1) + B(n), where 
al = glb \ 12 + 1 
n > 0, A(n) < n .” 
1 
Two essentially different proofs are given by Kvarda [4, 51 and one by 
Scherk [IO]. 
THEOREM 10. Mann’s Second Theorem is incomparable with Theorems 
Ao,Al,Bo,andBl. 
This follows from the following two examples. 
EXAhlPLE 3. Let A = {x2 1 x 3 0} and B = (0, 1, a}. Noting that 
min(x I x > 0, x $ C> = 3, we let n = 3. Then q(n + 1) + B(n) = 1, 
while n min,,,,,f(m, 0) = 3f(3, 0) = 2. . . 
EXAMPLE 4. This example was given by Lim [6]. Let 
A = (0, 1, 3, 6, 7, 8, 9, 12) and B = (0, 1, 6, 7, 9, 12). 
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Noting that the only nonnegative integers missing from C are 5 and 11, 
we let n = 11. Then q(n f 1) + B(n) = 8, while 
(n + 1) nlilf(“7, 1) ~ I = 12f(5, 1) - 1 = 7. 
In the stronger theorem that Mann actually proved (in place of 
Theorem A,) the lower bound given for C(n) in this example is still 7. 
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